We compute the special values for the spinor L-function L(s, F12, spin) in the critical strip s = 12, . . . , 19, where F12 is the unique (up to a scalar) Siegel cusp form of degree 3 and weight 12, which was constructed by Miyawaki. These values are proportional to the product of Petersson inner products of Ramanujan's ∆ by itself and the cusp form of weight 20 for SL2(Z) by itself by a rational number and some power of π. We also verify this result numerically using Dokchitser's ComputeL PARI package. To our knowledge this is the first example of a spinor L-function of Siegel cusp forms of degree 3, when the special values can be computed explicitly.
Introduction
In the remarkable paper [Miy92] I. Miyawaki considered certain Siegel cusp forms of degree 3, and on the basis of some numerical calculations, he was able to make interesting conjectures about the degeneration of the standard and spinor L-functions associated to such cusp forms. Several years later T. Ikeda [Ike06] proved Miyawaki's conjecture related to the standard L-function. Basically he was able to construct an explicit lifting from Siegel cusp forms of degree r to Siegel cusp forms of degree r + 2n. In particular, it turns out that the only cusp form of degree 3 and weight 12 is a basic example of this lifting (for r = 1, n = 1).
Recall that Miyawaki constructed his numerical examples by means of theta functions with spherical functions. Namely, let E8 be the unique even unimodular lattice of rank 8 i.e.,
E8 =
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xi ∈ Z(i = 1, . . . , 8), 
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In the recent work [Hei08] B. Heim proved Miyawaki's conjecture relevant to the spinor L-function for the specific case of the cusp form F12. In fact, Heim has showed that the following equality holds:
where ∆ is Ramanujan's discriminant cusp form and g20 is the cusp form of weight 20 of level 1. This theorem is the starting point of our investigation. The purpose of this note is to show that one can provide the explicit rational number Rs and power of π such that for each critical value s = 12, . . . , 19 L(s, F12, spin) = Rs π αs ∆, ∆ g20, g20 .
We also compute the values numerically using the SAGE software [SAG] and Dokchitser's ComputeL PARI package [Dok, Dok04] .
To our knowledge, this is the first example of a spinor L-function of Siegel cusp forms of degree 3, when the special values can be computed explicitly.
It is possible to apply the same technique to compute the critical values of the spinor L-functions for non cuspidal modular forms; but there exist direct (and more simple) methods in this case. For example, due to Zharkovskaya [Žar74, Theorem 1] there is the famous equality for non cuspidal forms
where Φ is the Siegel operator. We could also use our approach to compute the conjectural special values of the spinor L-function L(s, F14, spin) for the unique Siegel cusp for of degree 3 and weight 14. The authors are very grateful to Alexei Panchishkin for intensive and encouraging discussions, this work was undertaken due to his keen interest into the subject. We also express our thanks to Bernhard Heim for useful remarks.
Generalities and notations
Let H = {z ∈ C | ℑ(z) > 0} be the upper half-plane. For a positive integer k and a Dirichlet character χ modulo a positive integer N such that χ(−1) = (−1) k , we denote by M k (Γ0(N ), χ) the vector space of all holomorphic modular forms f (z) of weight k satisfying
where the variable z ∈ H, γ(z) = az + b cz + d , and
We denote by S k (N, χ) the subspace of M k (Γ0(N ), χ) consisting of all cusp forms. Every element f of M k (Γ0(N ), χ) has a Fourier expansion
where q = exp(2πiz) and a(n) are complex numbers in general.
More generally, with an arbitrary Dirichlet character ω, the twisted L-
can be also written in the form of Euler product:
Next, the Dirichlet L-series for any character χ of conductor N is given by
and its Euler product
In the case, when χ is the identity Dirichlet character, the latter series is
be another modular form of weight l with Fourier coefficients b(n). The L function associated to two modular forms f and g is given by the additive convolution
Another type of L-functions associated to two modular forms is Rankin's product L-function (multiplicative convolution). It is denoted by L(s, f ⊗ g) and defined as (see [Shi76,  page 786]):
where LN (s, ω) with a Dirichlet character ω modulo N is defined, as usual, by (13) with ω(n) = 0 for (n, N ) = 1, and the Euler factors in (14), corresponding to the prime divisors of a number N , have been omitted. Note, that in the case, when f and g are cusp eigenforms, the lefthand side of (16) is an Euler product of degree 4 in view of the following Lemma:
For two elements f, h ∈ M k (Γ0(N )) such that f h is a cusp form, the Petersson inner product f, h is defined as
where z = x + iy, ΦN is a fundamental domain for H modulo Γ0(N ) and the bar denotes the complex conjugate. We also define f, h by (17) for nearly holomorphic modular forms f and h on H whenever the integral is convergent (see [Shi07, section 8 .2] for definition and properties of the nearly holomorphic modular forms).
We also give a brief definition of the spinor L-function. For a Hecke eigenform F with local Satake parameters µ0, µ1, . . . , µn it is given by the infinite product
where for each prime number p
(19) We do not use this definition in our computation, but develop the righthand side of the identity (5). The explicit description of the Satake parameters for F12 is given in [Hei08] .
The expression for L(s, ∆) L(s − 1, ∆)
Let f = ∆ be Ramanujan's discriminant modular form of weight k = 12:
where 
of weight 2 for Γ0(p) and the corresponding L series
Let us put p = 2, then
and
For f = ∆ = P τ (n) q n ∈ S12(2) and g = G2,2 = P b(n) q n ∈ M2(Γ0(2), ξ) we have k = 12 and l = 2. Put N = 2, χ = 1 and
11 , and
Similarly, consider
where β(p) = 1 for all p, β ′ (2) = 0 and β ′ (p) = p for all odd primes. By definition and using Lemma 2.1
Finally, we obtain the following identity
Now we express L(s, ∆ ⊗ G2,2) (at integral points s = 3, . . . , 10) as a multiple of Petersson inner product ∆, ∆ .
where f, g is the Petersson inner product (17), Φ2 denotes a fundamental domain for Γ0(2)\H, z = x + iy,
In order to compute the holomorphic projection of the product in the last identity of (31) Hol`G2,2(z) (4πy)
The Whittaker function W (y, α, β) is defined as (see [Pan03, (2.4)], for example)
for y > 0, α, β ∈ C with ℜ(β) > 0 and for arbitrary α and β this function is defined by the analytic continuation and the functional equation:
For a non negative integer r, we have
Therefore,
2s−12
Let
then (4πy) s−11 E10,2(z, s − 11, ξ)
Recall that G2,2(z) = 1/24+q+q 2 +· · · by (24). We write the Fourier coefficients e Ai(s, y) for the product F = G2,2(z) (4πy) s−11 E10,2(z, s−11, ξ) = P e An(s, y)q n in order to apply the Holomorphic Projection Lemma [GZ86, Proposition (5.1)] to find the image of the projection operator Hol(F ) = P An(s)q n (the Lemma is originally due to Sturm [Stu80] ). It should be noted, that the relevant polynomial decay hypotheses of the Lemma are satisfied for all actions E10,2(z, s − 11, ξ)|γ of γ ∈ SL2(Z) and each critical point s, see [Pan03, (2. 3)].
We need to compute just two coefficients A1 = A1(s) and A2 = A2(s) since the result of the holomorphic projection belongs to the space of cusp forms for the subgroup Γ0(2), which has the dimension 2. Then we find the linear combination representing Hol(F ) in the basis {∆(z), ∆(2z)}:
Namely, the computation of A1 and A2 gives: 
4πy)
10−i 
8πy)
11−s−i
These Fourier coefficients are rational numbers up to the factor π 2s−12 for each s ∈ {3, . . . , 10}, see Table 1 .
Next, we compute α and β in the linear combination (39) by comparing the coefficients A1 and A2 corresponding to terms q and q 2 with the equivalent linear combination of coefficients of our basis functions ∆(z) = q − 24q 2 + . . . and ∆(2z) = q 2 + . . . :
Resolving this system of linear equations, we obtain
therefore, we obtain the following identity for the Rankin's convolution of ∆ and G2,2 (31):
We simplify the obtained expression even further. Recall that
where k = 12 is the weight of ∆ and V (2) is the operator
Consider γ ∈ Γ0(2)\Γ, Γ = SL2(Z). The summation over all γ gives
The trace operator Tr
where T2 is the Hecke operator, therefore,
Substituting the last identity into (44), we obtain the final expression:
5 Result for L(s − 9, ∆) L(s − 10, ∆)
Combining together (30) and (50) we obtain the expression for the product L(s − 9, ∆) L(s − 10, ∆):
(1 + 3 · 2 13−s + 2 31−2s ) Γ(s − 9) ∆, ∆ .
(51) Now we evaluate this result in the form L(s − 9, ∆) L(s − 10, ∆) = R∆(s) P∆(s) ∆, ∆ for each s ∈ {12, . . . , 19} computing the rational coefficient R∆ and the corresponding power of π, see Table 2 . The numerical value of the Petersson inner product ∆, ∆ = 0.000001035362056 (52) is computed in the section 8. We apply once again [Shi76, (2.4)] similarly as in section 4. The main difference is that the Petersson inner product is taken for both modular forms being cusp forms and for the full modular group SL2(Z):
In this case the critical values of s are 12, . . . , 19. We verify that s − 19 0, s − 19 + 8 = s − 11 > 0, then the series E8,1(z, s − 19) is a nearly holomorphic modular form for all these s ∈ {12, . . . , 19}. We write the 
where
Since the result of the holomorphic projection in this case belongs to the one-dimensional space spanned by g20, we need to compute just the first Fourier coefficient B1(s) of Hol(·) = P ∞ n=1 Bn(s)q n in order to express it as a multiple of g20. We compute it as the integral given by the Holomorphic Projection Lemma:
The final expression is as following:
Now we evaluate this result for each s ∈ {12, . . . , 19} in the form L(s, ∆ ⊗ g20) = Rg 20 (s) Pg 20 (s) g20, g20 computing the rational coefficient Rg 20 and the corresponding power of π, see Table 3 . The numerical value of the Petersson inner product g20, g20 = 0.00000826554153165970 (58) is computed in the section 8. 
where A1(s) is given by (40), A2(s) is given by (41), D ′ 0 and D ′′ 0 are given by (55). For each critical value s ∈ {12, . . . , 19} we evaluate this expression in the form L(s, F12, spin) = R(s) P (s) ∆, ∆ g20, g20 computing the rational coefficient R and the corresponding power of π, see Table 4 . B k is a Bernoulli number. For f k = ∆ we are able to use only one choice of critical value l = 8. To compute the numerical values L(11, ∆) and L(8, ∆) we used Dokchitser's L-functions Calculator [Dok] . In order to achieve the default precision (53 machine bits, which satisfies the functional equation to 1E-21), it is necessary to input 12 Fourier coefficients in this case. The obtained value is ∆, ∆ = 0.000001035362056804320948209596804 ,
which coincides with the value given by Zagier in [Zag77, page 116] up to 11 digit (his method involves the direct summation of 250 first terms in L-series).
We used again Rankin's theorem to compute the Petersson inner product of g20 by itself. For the modular form of weight 20 there are three choices l = 12, 14, 16. For each choice of l we computed the special value of L(l, g20) using Dokchitser's L-functions Calculator. It required to input 14 Fourier coefficients of g20 in order to achieve the default precision. The obtained values are g20, g20 = 0.000008265541531659702744699575969 for l = 12, g20, g20 = 0.000008265541531659703390644766954 for l = 14, g20, g20 = 0.000008265541531659703069998511729 for l = 16.
(65)
Numerical verification
The obtained values of L(s, F12, spin) in section 7 can be numerically verified by using Dokchitser's L-functions Calculator by computing each term of the product in the righthand side of the identity (5). The computation of L(s, ∆) was already mentioned in the previous section.
To compute the values of L(s, ∆ ⊗ g20) for s ∈ {12, . . . , 19} we have to determine the coefficients of this L-series first. Using the identity (16) for f = ∆ = P τ (n)n −s and g = g20 = P b(n)n −s ∈ S20 we get
Therefore we obtain
The ComputeL program requires some functional equation parameters such as Γ-factors and the weight. These parameters can be deduced from Table 4 
